
Problémamegoldó szeminárium, 2. alkalom

A clutter is a pair (V, E) where V is a finite set and E is a family of subsets of V none of which is included in another. In
a clutter, a matching is a set of pairwise disjoint edges. A transversal is a set of vertices that intersects all the edges. A
clutter is said topack if the maximum cardinality of a matching equals the minimum cardinality of a transversal. A clutter
is trivial if it has no edge or if it has the empty set as unique edge. The blocker B(C) of a clutter C is the clutter with V (C)
as vertex set and the minimal transversals of C as edge sets.

1. Determine the transversal number of the hypergraph whose vertices are the vertices of the Petersen graph and whose
edges are the maximum independent sets in the Petersen graph.

2. Let H be the clutter with edge set {12, 23, 34, 456, 461}. Determine B(H).

3. Let H and K be two clutters defined on the same vertex set. If

(i) every edge of H contains an edge of K and
(ii) every edge of K contains an edge of H,

then H = K.

4. Show that the blocker of a trivial clutter is a trivial clutter.

5. If C is a clutter, then B(B(C)) = C.

6. Let G be a connected graph. A postman set is a set of edges whose duplication yields an Eulerian graph. Prove that if
G is 3-regular and has no cut-edge, then the clutter of postman sets in G packs if and only if G is 3-edge-colorable.

7. Prove that the T-join and T-cut clutters form a blocking pair.

8. In a bipartite graph G, the clutter of T -cuts packs. (That is, the max size of a T-cut packing = min size of a T-join.)

9. If G is a loopless graph with vertex subset T of even size, then the minimum size of a T-join is half the maximum size
of a set of T-cuts that covers each edge at most twice.

10. Show that deciding whether the maximum size of a T-cut packing is equal to the minimum size of a T-join in NP-
complete even in planar graphs.
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